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Abstract
We prove that the single layer potential operator of planar linear elastostatics is elliptic in
[H−1/2(Γ )]2, if the domain Ω is scaled appropriately.
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1. Introduction
The solution of the Dirichlet boundary value problem in planar linear elastostatics,
− E
2(1 + ν)∆u(x)−
E
2(1 + ν)(1 − 2ν) grad divu(x) = 0 for x ∈ Ω ⊂R
2,
u(x) = g(x) for x ∈ Γ = ∂Ω,
can be described by using the indirect single layer potential ansatz
ui(x˜) := (V˜ w )i(x˜) =
∫
Γ
2∑
j=1
U∗ij (x˜, y)wj (y) dsy for x˜ ∈ Ω, i = 1,2, (1.1)
with the Kelvin tensor as fundamental solution,
U∗ij (x, y) =
1
4π
1
E
1 + ν
1 − ν
[
(4ν − 3) log |x − y|δij + (xi − yi)(xj − yj )|x − y|2
]
(1.2)
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2 O. Steinbach / J. Math. Anal. Appl. 294 (2004) 1–6for i, j = 1,2. It is assumed that Ω ⊂ R2 is a bounded Lipschitz domain with boundary
Γ = ∂Ω , E > 0 is the Young modulus and ν ∈ (0,1/2) is the Poisson ratio. To find the
unknown density function w ∈ [H−1/2(Γ )]2 we consider the limiting process Ω  x˜ →
x ∈ Γ which gives the boundary integral equation
(Vw )i(x) :=
∫
Γ
2∑
j=1
U∗ij (x, y)wj(y) dsy = gi(x) for x ∈ Γ, i = 1,2. (1.3)
It is well known [1] that V : [H−1/2(Γ )]2 → [H 1/2(Γ )]2 is bounded. Let[
H
−1/2∗ (Γ )
]2 := {w ∈ [H−1/2(Γ )]2: 〈wi,1〉L2(Γ ) = 0 for i = 1,2}. (1.4)
As in the three-dimensional case, see [3, Lemma 4.5], one can prove the [H−1/2∗ (Γ )]2-
ellipticity of the single layer potential V ,
〈V w˜, w˜ 〉L2(Γ )  c˜V1 ‖w˜‖2[H−1/2(Γ )]2 for all w˜ ∈
[
H
−1/2∗ (Γ )
]2
. (1.5)
The proof of the ellipticity estimate (1.5) is based on related ellipticity estimates of the
associated domain bilinear forms defined with respect to the interior domain Ω and the
exterior domain Ωc :=R2 \ Ω¯ , respectively. For the latter the far field estimate
∣∣(Vw )i(x)∣∣=O
(
1
|x|
)
as |x| → ∞, i = 1,2, (1.6)
is to be assumed. While in the three-dimensional case (1.6) is satisfied for all w ∈
[H−1/2(Γ )]3, in the two-dimensional case (1.6) is valid for w˜ ∈ [H−1/2∗ (Γ )]2 only. But to
ensure the unique solvability of the first kind boundary integral equation (1.3) by the Lax–
Milgram theorem we need to have the ellipticity estimate (1.5) for all w ∈ [H−1/2(Γ )]2.
In the case of the two-dimensional Laplace operator the corresponding single layer po-
tential is H−1/2(Γ )-elliptic, if the domain Ω satisfies the scaling condition diamΩ < 1,
see [4,7]. In the case of the system of planar linear elastostatics it seems to be an open
problem, how to scale the computational domain Ω to ensure the [H−1/2(Γ )]2-ellipticity
of the single layer potential V . While the system of linear elastostatics is strongly related
to the bi-Laplacian, one may extract such results from [2].
In this note we apply the ideas of the proof for the single layer potential of the Laplace
operator to show the ellipticity of the single layer potential V if a suitable scaling of the
computational domain Ω is applied. This approach is based on the definition of appro-
priate natural density functions and related Lagrange parameters which correspond to the
capacity in the case of the Laplace operator [5]. Then the [H−1/2(Γ )]2-ellipticity of the
single layer potential V follows as in the case of the Laplace operator.
2. Scaling of the computational domain
For some positive parameter α ∈R+ we define the scaled boundary
Γˆ  xˆ := 1 x for x ∈ Γ, (2.1)
α
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(Vαwˆ )i(xˆ) := (Vw )i(αxˆ) = gi(αxˆ) =: gˆi(xˆ) for xˆ ∈ Γˆ , i = 1,2,
with the scaled single layer potential
(Vαwˆ )i(xˆ) =
∫
Γˆ
2∑
j=1
Uαij (xˆ, yˆ)wˆj (yˆ) dsyˆ for xˆ ∈ Γˆ , (2.2)
and with the modified Kelvin tensor
Uαij (xˆ, yˆ) =
1
4π
1
E
1 + ν
1 − ν
[
(4ν − 3) logα|xˆ − yˆ|δij + (xˆi − yˆi)(xˆj − yˆj )|xˆ − yˆ|2
]
(2.3)
for i, j = 1,2. Obviously, for wˆ ∈ [H−1/2∗ (Γˆ )]2 there holds
〈Vαwˆ, wˆ 〉L2(Γˆ ) = 〈V wˆ, wˆ 〉L2(Γˆ )
and from (1.5) the [H−1/2∗ (Γˆ )]2-ellipticity of Vα follows.
3. Natural density functions
For simplicity in the presentation we now skip the index ˆ and consider the single layer
potential Vα with respect to the boundary Γ .
To show the [H−1/2(Γ )]2-ellipticity of the single layer potential Vα we proceed as
in the case of the Laplace operator to define some natural density functions. We start to
consider the saddle point problem to find (w1, λ1) ∈ [H−1/2(Γ )]2 ×R2 such that
〈Vαw1, τ 〉L2(Γ ) − λ11〈1, τ1〉L2(Γ ) − λ12〈1, τ2〉L2(Γ ) = 0,〈
w11,1
〉
L2(Γ )
= 1,〈
w12,1
〉
L2(Γ )
= 0, (3.1)
is satisfied for all τ ∈ [H−1/2(Γ )]2. By putting w11 := w˜11 + 1/|Γ |, w12 := w˜12, w˜1 ∈
[H−1/2∗ (Γ )]2 is the unique solution of the variational problem
〈Vαw˜1, τ 〉L2(Γ ) = −
1
|Γ |
〈
Vα(1,0)
, τ
〉
L2(Γ )
(3.2)
for all τ ∈ [H−1/2∗ (Γ )]2. Afterwards we can compute the first Lagrange parameter
λ11 = 〈Vαw1,w1〉L2(Γ ).
In the same way we obtain (w2, λ2) ∈ [H−1/2(Γ )]2 × R2 by solving the saddle point
problem
〈Vαw2, τ 〉L2(Γ ) − λ21〈1, τ1〉L2(Γ ) − λ22〈1, τ2〉L2(Γ ) = 0,〈
w21,1
〉
L2(Γ )
= 0,〈
w22,1
〉 = 1 (3.3)
L2(Γ )
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λ22 = 〈Vαw2,w2〉L2(Γ ).
Moreover,
λ12 = λ21 = 〈Vαw1,w2〉L2(Γ ).
Lemma 3.1. The Lagrange parameters λii (i = 1,2) can be written as
λii = 〈V1wi,wi〉L2(Γ ) +
1
4π
1
E
1 + ν
1 − ν (4ν − 3) logα,
while the Lagrange parameters λ21 = λ12 are independent of α,
λ21 = λ12 = 〈V1w1,w2〉L2(Γ ).
Proof. A direct calculation gives for i = 1,
λ11 = 〈Vαw1,w1〉L2(Γ )
= 1
4π
1
E
1 + ν
1 − ν
∫
Γ
∫
Γ
2∑
i=1
(4ν − 3) logα|x − y|w1i (y)w1i (x) dsx dsy
+ 1
4π
1
E
1 + ν
1 − ν
∫
Γ
∫
Γ
2∑
i,j=1
(xi − yi)(xj − yj )
|x − y|2 w
1
i (y)w
1
j (x) dsx dsy
= 1
4π
1
E
1 + ν
1 − ν
∫
Γ
∫
Γ
2∑
i=1
(4ν − 3) log |x − y|w1i (y)w1i (x) dsx dsy
+ 1
4π
1
E
1 + ν
1 − ν
∫
Γ
∫
Γ
2∑
i,j=1
(xi − yi)(xj − yj )
|x − y|2 w
1
i (y)w
1
j (x) dsx dsy
+ 1
4π
1
E
1 + ν
1 − ν (4ν − 3) logα
2∑
i=1
[∫
Γ
w1i (x) dsx
]2
= 〈V1w1,w1〉L2(Γ ) +
1
4π
1
E
1 + ν
1 − ν (4ν − 3) logα
due to 〈w11,1〉L2(Γ ) = 1 and 〈w12,1〉L2(Γ ) = 0, see the saddle point problem (3.1). For λ22,
the assertion follows in the same way. For λ21 = λ12 we obtain
λ21 = 〈Vαw1,w2〉L2(Γ )
= 〈V1w1,w2〉L2(Γ ) +
1
4π
1
E
1 + ν
1 − ν (4ν − 3) logα
2∑
i=1
∫
Γ
w1i (x) dsx
∫
Γ
w2i (y) dsy
= 〈V1w1,w2〉L2(Γ ),
since 〈w2,1〉L2(Γ ) = 〈w1,1〉L2(Γ ) = 0. 1 2
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min
{
λ11, λ
2
2
}
> 2
∣∣λ12∣∣ (3.4)
is satisfied.
4. Ellipticity estimate
For an arbitrary given w ∈ [H−1/2(Γ )]2 we consider the splitting
w = w˜ + α1w1 + α2w2, αi = 〈wi,1〉L2(Γ ) (i = 1,2), (4.1)
yielding w˜ ∈ [H−1/2∗ (Γ )]2. Now we give the main result of this note.
Theorem 4.1. Let the scaling parameter α ∈ R+ be chosen such that (3.4) is satisfied.
Then the single layer potential Vα is [H−1/2(Γ )]2-elliptic,
〈Vαw,w 〉L2(Γ )  cV1 ‖w‖2[H−1/2(Γ )]2 for all w ∈
[
H−1/2(Γ )
]2
. (4.2)
Proof. For w ∈ [H−1/2(Γ )]2 we consider the splitting (4.1). By applying the triangle and
the Cauchy–Schwarz inequality we obtain
‖w‖2[H−1/2(Γ )]2 = ‖w˜ + α1w1 + α2w2‖2[H−1/2(Γ )]2

[‖w˜‖[H−1/2(Γ )]2 + |α1|‖w1‖[H−1/2(Γ )]2 + |α2|‖w2‖[H−1/2(Γ )]2]2
 3
[‖w˜‖2[H−1/2(Γ )]2 + α21‖w1‖2[H−1/2(Γ )]2 + α22‖w2‖2[H−1/2(Γ )]2]
 3 max
{
1,‖w1‖2[H−1/2(Γ )]2,‖w2‖2[H−1/2(Γ )]2
}
× [‖w˜‖2[H−1/2(Γ )]2 + α21 + α22].
On the other hand we have
〈Vαw,w〉L2(Γ ) =
〈
Vα[ w˜ + α1w1 + α2w2], w˜ + α1w1 + α2w2
〉
L2(Γ )
= 〈Vαw˜, w˜ 〉L2(Γ ) + α21〈Vαw1,w1〉L2(Γ ) + α22〈Vαw2,w2〉L2(Γ )
+ 2α1〈Vαw1, w˜ 〉L2(Γ ) + 2α2〈Vαw2, w˜ 〉L2(Γ )
+ 2α1α2〈Vαw1,w2〉L2(Γ )
= 〈Vαw˜, w˜ 〉L2(Γ ) + α21λ11 + α22λ22 + 2α1α2λ21
due to the definition of w1 and w2, respectively. Using the [H−1/2∗ (Γ )]2-ellipticity of Vα
and (3.4) we further conclude
〈Vαw,w 〉L2(Γ )  c˜V1 ‖w˜‖2[H−1/2(Γ )]2 + α21λ11 + α22λ22 − 2|α1||α2|
∣∣λ21∣∣
 c˜V1 ‖w˜‖2[H−1/2(Γ )]2 + min
{
λ11, λ
2
2
}[
α21 + α22 − |α1||α2|
]
 c˜V1 ‖w˜‖2[H−1/2(Γ )]2 +
1
min
{
λ11, λ
2
2
}[
α21 + α22
]2
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{
c˜V1 ,
1
2
λ11,
1
2
λ22
}[‖w˜‖2[H−1/2(Γ )]2 + α21 + α22].
This completes the proof. 
Remark 4.1. When an arbitrary domain Ω with Lipschitz boundary Γ = ∂Ω is given
one can solve the saddle point problems (3.1) and (3.3) by a numerical scheme to obtain
approximate values for the Lagrange parameters λji , i, j = 1,2. From
λii +
1
4π
1
E
1 + ν
1 − ν (4ν − 3) logα  2
∣∣λ12∣∣ for i = 1,2,
one can compute an appropriate scaling parameter α ∈ R+ to ensure the [H−1/2(Γ )]2-
ellipticity of the scaled single layer potential Vα .
Remark 4.2. In [6] it was shown that the ellipticity constant cV1 of the single layer potential
in two and three space dimensions tends to zero as ν → 1/2. This is due to the equivalence
with the Stokes system in the limiting case ν = 1/2. However, in [6] a splitting approach
is described which gives a robust boundary element method also for nearly incompressible
materials.
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